Lecture 3: Loss Functions

Block 4.2 Advanced Al

Eoin O'Brien
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Where we are

- Linear regression, shallow neural networks, and deep neural networks define families of
functions

- The parameters ¢ select one member of that family

- An architecture tells us what mappings are possible

- Training still needs a criterion for deciding which mapping is best
model family f[x, @] — training criterion L[]

- We will construct that criterion from probabilistic modelling assumptions
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Learning objectives

By the end of this lecture, you should be able to:
- explain how loss functions define what it means for a model to fit the data well

- interpret neural networks as predicting parameters of probability distributions, not only
point estimates

- distinguish probability mass, probability density, conditional probability, and likelihood
- construct and interpret likelihood, log-likelihood, and negative log-likelihood

- explain why logarithms turn likelihood products into sums without changing the optimum
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Learning objectives (cont.)

- derive least squares from a Gaussian model and distinguish homoscedastic from
heteroscedastic regression

- derive binary and multiclass cross-entropy from Bernoulli and categorical models

- construct likelihood-based losses for multiple outputs and state the required
independence assumptions

- use expectation, cross-entropy, and KL divergence to connect maximum likelihood, NLL,
and empirical cross-entropy
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Training data and loss

Assume a training dataset

D ={(x;,y)}_,-
- x; — the ith input
- y; — its ground-truth target
- I — number of training examples

A loss function assigns a scalar score to a parameter setting:

A

L|p] € R, ¢ = arg min L[¢].
¢

- Lower loss means better agreement with the chosen training criterion
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What does arg min return?

A loss function scores every candidate parameter setting. Training wants the parameter value at
the bottom of the loss landscape.
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Loss as a function of ¢
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A one-dimensional loss landscape. c;S is the parameter value at the minimum.
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- mingy L]¢] is the lowest loss value

- argming L[¢] is the parameter setting that achieves it

A

" training returns the second object: ¢
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Reminder: least squares

For real-valued regression, a familiar choice is

Llg] = Z(yi — f[x;, ¢])".

1

- Each residual measures the prediction error
- Squaring removes the sign and penalises larger deviations more strongly

- But least squares is not appropriate for every kind of target

Question: why this loss — and what should we use for other output types?
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Different outputs need different models of uncertainty

Task Output domain Example
Regression y € R temperature
Binary classification y € {0,1} spam / not spam
Multiclass classification y € {1,...,K} object category
Count prediction y € {0,1,2,...} number of arrivals
Direction y € (—m, | orientation angle

- The target domain constrains which probability distributions are sensible
- Our modelling assumptions choose a distribution within those constraints

- That choice will determine the corresponding maximume-likelihood loss
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Maximum likelihood



What does a point prediction leave out?

Suppose two weather models both predict
y = 20°C.

The same point estimate can still represent very different uncertainty:
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Same mean, different variance

0.5 - same centre: 20°C
0.4 -
[\ Model A: nharrow
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possible temperature y

Two Gaussian predictive distributions with mean 20°C and different variances.
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same point estimate = same uncertainty

- A point estimate tells us where to predict

- A predictive distribution also tells us which other outcomes remain plausible
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From one number to a predictive distribution

A point-prediction view returns one number:
§ = f[x, ¢].
A probabilistic view returns the parameters of a distribution:
0=fx9¢], y~pylo).

- the network still computes a deterministic function of x
- its output now tells us which predictive distribution to use

- a point estimate can still be extracted from that distribution at inference time

The network remains deterministic; its output parameterises a predictive distribution over y.
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From

input to predictive distribution
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Predictive distributions at two input values for regression, classification, count, and directional targets.
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- The network does not need to output a whole probability curve or table directly
- It predicts the parameter(s) @ of a chosen distribution family

- The same construction applies in all four panels; the distribution family and
parameterisation change.
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A distribution is a family with knobs

A probability distribution is not an arbitrary curve the network must draw from scratch.

Choose a distribution family, then let its parameters act as adjustable knobs:

Distribution Parameters What the parameters
control

Normal w, o’ centre and spread

Bernoulli A probability of class 1

Categorical Alyeeoy AK probability allocated to each

class
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A distribution is a family with knobs (cont.)

In general,

p(y | 0), 0; = f|x;, ¢|.

- we choose the family from the prediction problem
- the network predicts the knob settings for each input

- the loss will follow from how much probability or density that distribution assigns to the
observed target
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Probability is a budget of 1
Think of a distribution as having one unit of probability to allocate.

Discrete outcomes: split that unit among separate possibilities.
> ply) =1.
Yy

A bar height is itself a probability.

Continuous outcomes: spread that unit across a continuum.

/ p(y) dy = 1.
Probability is now an area under the density curve, not the height at one point.

A narrow density can rise above 1 without violating probability rules; its total area is still 1.

20/193



A density can be greater than 1

Consider a continuous variable that is uniform on the interval |0, 0.5].
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Probability is area, not height

2.0 -
height = 2
1.5-
>
§ area =05x2=1
° 1.0 -
0.5 -
0-0 “ | | | | | | |
-0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Uniform density on [0, 0.5]: height 2, width 0.5, total area 1.
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- the density height is 2, which is perfectly valid
- the area over the whole supportis 1

- probabilities of intervals are obtained by taking areas
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Probability mass and probability density

A random variable represents a quantity whose value is uncertain. Its distribution describes
which values are plausible and how strongly they are weighted.

Discrete random variable

- p(y) is a probability mass function

- 0<p(y) <1

- masses over all possible values sum to 1
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Probability mass and probability density (cont.)
Continuous random variable

- p(y) is a probability density function

- an exact point has probability 0

- density is non-negative and may exceed 1

- probability over an interval is the area under the density on that interval

Maximum likelihood scores an observed discrete value by its probability mass and an
observed continuous value by its density.
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Reading p(y; | f|x;, ¢|) in words

For one training example, we will repeatedly write

p(yz' | f[xi7¢])'
Read it from the inside out:

1. x; 1s the observed input for example 3.

2. f[x;, @] is the network output for that input, interpreted as parameter(s) of the chosen
predictive distribution.

3. p(y | f|x;, ¢@]) is the resulting distribution over possible target values y.

4. Set y = y;: evaluate that distribution at the target that was actually observed.

In words: given input x; and the current network parameters ¢, how much probability mass
or density does the resulting predictive distribution assign to the observed target y; ?
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Reading p(y; | f|x;, ¢|) in words (cont.)
Equivalently, using 0, = f[x;, ¢,

x; — 0; — p(y | 6;) — p(yi | 6:)-
- for a discrete target, this is probability mass

- for a continuous target, this is probability density

- the notation is schematic: the network may predict a mean, a probability, logits that are
transformed into probabilities, or several distribution parameters; fixed parameters may be
omitted
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Expectation is a probability-weighted average
Suppose

The expected value is
E[Y] = 0(0.2) + 1(0.5) + 2(0.3) = 1.1.

- common outcomes count more heavily than rare outcomes

- the expectation itself need not be a possible outcome

Expectation means “average according to this distribution.”
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Expectation in general
For a function g(Y'), expectation averages the value of g using the probabilities of Y as weights.

Discrete:

Eyo[g(Y)] =) 9(v)q(y).

Continuous:
Eyq[9(Y)] = / 9(y)a(y) dy.

+ g(Y') =Y gives the mean

- g(Y) = (Y — u)? gives the variance when averaged
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From one observation to many

For one training pair (x;, y; ), define the model score for what actually happened:

pi = p(y; | f[x;, B]) -
- a good model assigns high mass or density to the observed target

- a dataset contains many such observations

- we therefore need a rule for combining the per-example terms

The rule will come from an independence assumption.
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Why independent probabilities multiply
Start with two independent fair coin tosses.

P(H,H) = P(H)P(H) =

1
X — :
2 4

4
2
Why multiply?

- the first factor says how plausible the first event is

- the second says how plausible the second event is

- the joint event requires both to occur

For independent variables in general,
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Conditional independence in supervised learning

For all training targets together, the model concerns the joint distribution

000 || sl oo 0 gbdnk

The standard supervised-learning model assumes the targets are conditionally independent
once their inputs are given:

I

p(yla"'ayl |X17"'7XI) — Hp(yz |x2)
1=1
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Condjitional independence in supervised learning (cont.)

- each target is modelled from its corresponding input

- observations share the same form of predictive distribution, while its parameters may vary
by input

- dependence between training observations is ignored after conditioning on the inputs

This factorisation is a modelling assumption, not a property of neural networks.
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Dataset likelihood
Apply the same factorisation to the per-example scores p;:

I 1

Lik(¢; D) = sz' = Hp(yi | f[x;, @) -

Read the product as:
1. evaluate the model at every input x;
2. ask how much mass or density it assigns to the observed y;

3. multiply those scores because the observations are conditionally independent

Lik is the likelihood function for the model parameters, with the observed dataset held fixed.
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Conditional probability and likelihood

The vertical bar in

p(y | x, P)

is read “y given x and ¢": it describes uncertainty in y once the conditioning quantities are
fixed.
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Conditional probability and likelihood (cont.)

The same expression has two roles.

Vary y; fix x, ¢

- p(y | x, @) is a probability mass function or density over possible outputs
- it must normalise over y

Fix the observed y, x; vary ¢
- the same expression is a likelihood function of ¢
- it need not normalise over ¢

- likelihood is not a posterior probability over parameters
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Density and likelihood

Vary y; fix x and ¢ Fix y and x; vary ¢
a density over outcomes a likelihood over parameters
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o
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0.2 -
0.0 - 0.0 -
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output y slope ¢1

Fixing the parameters gives a density over outcomes; fixing the observation gives a likelihood as the parameter varies.
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- Left: a probability density. The area is 1, and it must be
- Right: a likelihood. It need not integrate to 1 over the parameter

- The likelihood curve is not a probability distribution over ¢;.
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Maximum likelihood

Choose parameters that make the observed dataset as likely as possible:

A

I
¢ = arg max Lik(¢; D) = arg max H D;-
¢ ¢ =1

Equivalently,

A

¢ = arg max

p(%i | flxi, @)).

I
1

7

This is the maximum-likelihood criterion.
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Why take logarithms?

Products of many small probability values can underflow numerically:

0.01 x 0.02 x 0.03 x ---
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Product underflow Log-domain accumulation

0.1" reaches floating-point zero after 324 factors nlog 0.1 remains finite
1013 _
0 -
10—35 i
10-83 - ~200 -
o
L Ao 5 —400 -
K 8 =
S 107170 - :
n}
10227 - —600 -
10—275 .
—800 -
0 50 100 150 200 250 300 0 50 100 150 200 250 300 350
number of factors number of factors

Product of repeated probability factors compared with the corresponding sum of log-probabilities.
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- A dataset of I examples multiplies I such factors together

 Underflow is silent: the product becomes 0, and log 0 is —o0

The logarithm solves this without changing which parameters are best.

Because log is strictly increasing for positive arguments,
a>b>0 <= loga > logh.
Therefore

arg max Lik(¢; D) = arg max log Lik(¢; D).
® ®
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The logarithm and the argmax

Monotonic
z>Zz implies log[z] > log[Z'] A function Its logarithm
- i still at z=—3.9
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A positive function and its logarithm. The scale changes; the maximiser does not.
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- Strictly increasing transforms preserve ordering
- The second peak is flattened, but it's still the second peak

- The logarithm changes the scale, but preserves the maximiser.
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Likelihood becomes log-likelihood
Use the identity

log (H ai> = Z log a;.

log Lik(¢; D) = log ( )
=1

0g Di

Then

E“

ng y’L X’l7¢])'

22
- Y v
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Likelihood becomes log-likelihood (cont.)

- before the log, all examples must be plausible at once, so their scores multiply
- after the log, each example contributes an additive log-score
- the optimum is unchanged because the logarithm preserves ordering

- sums are also easier to represent, differentiate, and compute stably
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From likelihood to a loss

Training is conventionally written as a minimisation problem.

Maximising log-likelihood is equivalent to minimising its negative:

qAﬁ = arg max Lik = arg maxlog Lik = arg min|— log Lik]
¢ ¢ ¢

So define the negative log-likelihood:

Llp] = — Zlogp(yz- | fxi, @]) -
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Per-example loss and dataset loss

Define one example’s contribution as

li(¢) = —logp(y; | flxi, @) -

Then
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Per-example loss and dataset loss (cont.)

Implementations often minimise the mean instead:

- For a fixed dataset and this objective alone, sum and mean have the same minimiser

- If other terms such as regularisation are added, their relative scaling must be handled
consistently
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Negative log-likelihood measures surprise

For a discrete observed target with probability mass p,

{ = —logp

This quantity is often read as surprise:

Probability assigned to what happened Surprise — logp

1 0
0.5 0.693
0.1 2.303

0.01 4.605

- expected outcomes produce small loss

- outcomes the model called almost impossible produce large loss
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Negative log-likelihood measures surprise (cont.)

training chooses parameters that make the observed data as unsurprising as possible

Continuous case: use probability density rather than mass. A density may exceed 1, so an
individual continuous NLL contribution can be negative; the optimisation principle is unchanged.
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Worked example: likelihood and NLL

Suppose two parameter settings assign these probabilities to the correct class labels:

Example 1 Example 2 Example 3 Likelihood NLL

Model A 0.8 0.7 0.6 0.336 ~ 1.09

Model B 0.9 0.2 0.9 0.162 =~ 1.82

0.336 > 0.162 — 1.09 < 1.82.

- Larger likelihood < smaller NLL

- Model B’s single probability of 0.2 substantially hurts the joint likelihood
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Training and inference answer different questions
Training

- Which ¢ make the observed dataset most likely?

A

¢ = argmin L|¢).
¢

Inference

* With qAb fixed, what should we report for a new input x?

P(v1x.4]

The predictive distribution is the model output in probabilistic form; a point estimate is an
additional decision rule.
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Point predictions from a predictive distribution

One common choice is the mode:;

—— )Y
Yy

But the appropriate point estimate depends on what error or downstream decision matters:
- mean: optimal under squared-error loss
- median: optimal under absolute-error loss

- mode: most probable / highest-density value

For a normal distribution these coincide;

y|x ~N(p,0°) = mean = median = mode = p.
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Common misconceptions

“The network predicts a distribution, not a value.”

The network predicts distribution parameters; a decision rule can still produce a point
estimate.

“Likelihood is the probability of the parameters.”
No. The observed data are fixed; likelihood scores candidate parameter settings.

“Taking logs changes the best parameters.”
No. A strictly increasing transform preserves their ordering and hence the optimum.

“NLL is just negative probability.”
No. It is the negative logarithm of the probability mass or density assigned to the observation.
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Maximum likelihood summary

- A loss turns “best model” into an optimisation problem

- Maximum likelihood chooses parameters that make the observed targets plausible under a
chosen statistical model

- The network predicts distribution parameters 6, = f|x;, ¢|

- Conditional-independence assumptions let the dataset likelihood factorise into per-example
terms

- Taking logs converts products to sums without changing the optimum

- Negating the log-likelihood gives the standard minimisation loss

Llp] = — Zlogp(yi | flx;, @)

- The target domain constrains sensible distributions; modelling assumptions choose one; its
NLL becomes the loss
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Recipe for constructing loss
functions




Constructing a likelihood-based loss

For training data

D= {(x’wyz) {:17

construct the loss as follows:

1. Choose a distribution p(y | @) whose support matches the target domain.
2. Predict its parameter(s) with the model: 8 = f|x, ¢].

3. Train by negative log-likelihood over the observed input/target pairs.

4. Infer by returning the predictive distribution, or a suitable point summary of it.

Steps 1-2 specify the statistical model; step 3 induces the training loss; step 4 specifies
what is returned at prediction time.
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The same construction across three tasks

1. choose a 2. predict its 3. train by 4. infer
distribution parameters NLL ’
regression normal M= flx, ¢] least squares the mean
binary Bernoulli A =sig(f) i threshold at 0.5

cross-entropy

multiclass

multiclass categorical Ak = softmax(f) cross-entropy

the argmax

Four-step loss construction for regression, binary classification, and multiclass classification.
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- The columns are the recipe, and they never change
- The rows are the three worked examples that follow, in the order we meet them

- The distribution choice constrains the parameterisation and loss; inference depends on
what the application needs returned.
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The likelihood-based training objective

For each training example,
0; = f[x;, 9| .
The computation for one example is
x; — 0; — p(y; | 0;) — —logp(y; | 6;)) — £;.

Sum those surprises over the dataset:

I
¢ = a,rg(;nin - Zlogp(yi | f[x;, @]) (5.6)
i=1

- the pipeline stays the same across tasks

- the chosen predictive distribution determines the concrete form of each — log p term
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What changes from task to task?

Modelling question Task-specific choice

What values can y take? the target domain

How should uncertainty over y be the distribution family p(y | 0)

represented?

What must the network output? one or more parameters 6

What loss should be minimised? the induced NLL — log p(y | 6)

What should inference return? the full distribution or an appropriate point
summary

The domain constrains sensible distribution families; modelling assumptions choose among
them.
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Choosing a loss for a new task

For a new prediction problem, ask:

1.

oA W N

Domain: what kind of object is the target y?
Distribution: what p(y | 8) is defined on that domain and matches our assumptions?
Parameters: which components of @ should f[x, ¢| predict?

Loss: what does — log p(y; | 8;) become for that distribution?

. Inference: do we need the full predictive distribution or a point estimate?

The same questions apply across prediction problems; the distribution choice determines
the resulting NLL.
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Example 1: univariate regression




Apply the recipe: scalar regression

Goal: predict a single real-valued target
yeR

from an input x using a model with parameters ¢.
Following the recipe:

1. choose a distribution defined on R

2. let the network predict its parameter(s)

3. minimise the resulting negative log-likelihood
4. use the fitted distribution for inference

For the first example, choose a univariate normal distribution.
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Step 1: choose a normal distribution

Assume the target is distributed as
y|x~N(p,a?).

Its probability density is

2\ 1 ox _(y_,“)z
ply | %) = e~ (5.7)

- i € R controls the location of the distribution
. o2 > 0 controls its spread

- 0 = v/o? is the standard deviation
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Reading the Gaussian density

The Gaussian density can be read as two pieces:

p(y | 1, 0?) = ﬂjr_a exp[_;(yaﬂﬂ.

H/_/ (- /

N~

normalises the total area downweights values far from u

Step by step:

1. compute the distance from the centre: y — u

2. measure that distance in standard deviations: (y — u) /o
3. square it, so either direction counts equally

4. use the negative exponential so density falls rapidly with distance

At y = u, the squared distance is 0 and the density is maximal.
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Mean, variance, and the Gaussian parameters

For a random variable Y, the mean is its expectation
p=E[Y],
and the variance is the expected squared deviation from that mean:
o’ =Var[Y] = E[(Y — p)?].

ForY ~ N (u,0?):
- 1 moves the centre of the bell curve left or right
- 0 = /o2 is the standard deviation and controls its width
- smaller o2 gives a narrower, taller density; larger o2 gives a broader density

- mean = median = mode = u
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Variance is average squared distance from the mean

Take four equally weighted observations with mean u = 0:
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1. Measure distance from the mean 2. Square, then average
u=0 variance =(4+1+1+4)/4=2.5

4 -

w
1

=
I

squared deviation (Y — u)?
N

I I I I 0 -

~2.0 =15 -=1.0 =05 0.0 05 1.0 1.5 2.0 1 1

Y observation

Distances from the mean and their squared values for four observations.
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o’ =E[(Y — p)’] ~ average squared distance from the mean

- squaring removes the sign
- larger deviations count more strongly

- o puts the spread back on the original units of Y
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1 moves the peak, o sets the width

1.6 - —

1.2 -
1.0 -

Ity

0.8 -

dens

0.6 -
0.4 -

0.2 -

0.0 -

Normal distributions with different means and standard deviations.
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The Gaussian therefore represents both a central prediction and uncertainty around it.
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Step 2: predict the mean
Start with the simplest Gaussian regression model:
p =[x, @],

while treating o2 as a fixed constant.

Substituting the predicted mean into the normal density gives

202

ply | fx, 8], 0%) = ——ex [_ (v~ £l 8] ] |

2o 2

- the network supplies the centre of the predictive distribution

- every input currently shares the same assumed variance

(5.8)
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Step 3: write the Gaussian NLL
For the training set D = {(x;, ;) }_;:

Llg] = —) logp(yi | flxi, ¢],0?)

=l

2o 2

(5.9)

Training seeks ¢ = arg min, L|Q].
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Reading the Gaussian NLL

After taking the negative logarithm, one example contributes

1 (y; — Mz‘)2
gi = —10 2 2 —I—

(. 7

~
cost of the assumed spread  cost of missing the observed value

With fixed o 2:
- the first term is the same for every parameter setting
- the second term grows with the squared residual

- observations farther from the predicted mean therefore contribute more loss

fixed Gaussian variance @=— ranking models by NLL is ranking them by squared error.
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Least squares loss function
Apply log(ab) = log a + log b and log(e?) = z:

(y’i i f[xi7 ¢])2

(5.10)

Why can terms disappear?

: %10g(27702) does not depend on ¢

- 1/(20?) is a positive constant, so it does not move the minimum
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Least squares as maximum likelihood

The resulting objective is

Llg] = (v —f[xi, 9])° GREY

=1

Least squares is the maximum-likelihood loss under the assumptions that:
- observations are conditionally independent
- ¥; | x; is normally distributed
- the mean is u; = f|x;, @]

- the variance o2 is fixed across observations
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Least squares and likelihood

For a fixed o2:

Residual view Probabilistic view

ly; — f|x;, @] | is small y; lies near the Gaussian mean

squared residual is small density assigned to y; is high

least-squares contribution is small negative log-likelihood is small

poor fit — large squared residual poor fit — low density at the observation
(v — Mz')2

52 is exactly the data-dependent part of the Gaussian NLL.
o

Therefore the two criteria rank ¢ identically when o2 is fixed.
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Different distribution assumptions imply different penalties

The target domain y € R does not uniquely determine the observation model.
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Gaussian and Laplace residual models The assumed distribution shapes the loss
0.5 -

5 -
Gaussian «r?
0.4 - o 4 -
=
fu]
Gaussian 0
- 0.3 - o 3 -
+ (9]
()]
: °
© 02 m g_ 2 _
N Laplace «|r|
Laplace =
0.1- 1
0.0 - 0 -
-3 — — L 0] 1 2 3 -3 — — 0 1 2 3
residual r=y —u residual r=y —u

Gaussian and Laplace residual models and their corresponding NLL penalties.
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- Gaussian residual model = squared-error penalty
- Laplace residual model = absolute-error penalty

- The distributional assumption determines how residuals are weighted by the loss.
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Least squares and likelihood: two fits compared

2(yi—fixi, ¢1)* = 0.36 > (yi — fix;, §1)? = 7.81

=

ul
1
*
1

>,
-
-]
o
]
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(o]

=
o
1
°
1
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—2logPr(y; | flx;, ¢1)=111.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
input x input x

Squared-error and Gaussian-NLL scores for the same two fits. Both criteria rank the left fit better.
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- Least squares moves 0.36 to 7.81; the NLL moves -4.0 to 111.0
- For fixed o2, Gaussian NLL is an increasing affine function of squared error
- The two criteria therefore rank every pair of parameter settings identically

- With fixed variance, squared error and Gaussian NLL therefore choose the same ¢.
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Inference
After training, the predictive distribution for a new input is

y | XNN(f[x,qAﬁ} ,02) :
If we want the maximum-density point:

= argmaxp(y | f{x, q?;} ,02) = f{x, q&} : (5.12)

Y

For a normal distribution, mean = median = mode, so the familiar regression prediction is
recovered.
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Estimating observation uncertainty

Least squares discarded o2 only because it was fixed while optimising ¢.

We can instead learn one shared variance jointly with the network:

.6 —argmm Zlogp (i | £1xi, @], 07)

Read the optimisation as learning two things from the same likelihood:
- ¢ determines the mean function p(x)

- 02 determines one global level of observation noise around that mean

At inference:

f[x, qAS} gives the predicted mean

&° describes observation / aleatoric uncertainty shared across inputs

GRE)
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Two kinds of predictive uncertainty

“Uncertain” can mean two different things.

Aleatoric Epistemic

Source randomness or noise in the incomplete knowledge of the
observation model

More data? does not necessarily remove  can reduce it
it

Example repeated sensor readings few training examples in this
vary region

Modelled by o2 here? yes no

The Gaussian variance in this section models aleatoric / observation uncertainty: how variable
y remains even when the model parameters are fixed.
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Shared variance means homoscedastic uncertainty

A single learned & assumes the same observation-noise level everywhere:
Yi | X NN(f[Xz',Qﬂ ,02) .

This is homoscedastic regression:
- the mean may vary with x
- the observation variance does not vary with x

- the model captures a single global level of aleatoric uncertainty

That assumption can be unrealistic when some inputs are intrinsically noisier or less predictable
than others.

- sensor noise that grows with the measured quantity
- a manufacturing process whose intrinsic variability changes with operating conditions

- future outcomes whose inherent variability grows with forecast horizon
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When one variance is not enough

A constant variance assumes the vertical spread is the same everywhere. Real data can violate
that directly.
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Input-dependent mean and variance

narrower spread on the left, wider spread on the right

1.75 -

1.50 - - .

0.2 0.4 0.6 0.8 1.0
input x

Synthetic regression data with observation variance that increases with the input.
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- the centre of the prediction varies with «
- the irreducible spread around that centre also varies with z

- heteroscedastic regression lets the model predict both
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Heteroscedastic regression
If uncertainty changes with the input, model it too:
wx) =filx @],  sx)=hix¢], o’(x)=exp(s(x)). (5.14)
Now each input gets its own predictive distribution:
y | x ~ N (u(x),0%(x)).

- f1 predicts where the distribution is centred
» f5 produces the unconstrained score s(x)

- the exponential maps that score to a valid input-dependent variance o%(x) > 0
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Enforcing a valid variance

Equation 5.14 uses an unconstrained raw network output
s(x) = f[x, @] € R.
A Gaussian variance must instead be strictly positive:

o%(x) > 0.

So the raw score must be transformed before it is used as a variance:

s(x) eR —  o%(x)>0
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Enforcing a valid variance (cont.)

Common strictly positive parameterisations include
o?(x) = exp(s(x))
or
o%(x) = softplus(s(x)) + e,

with a small € > 0 for numerical safety.
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Enforcing a valid variance (cont.)

With the exponential parameterisation,
s(x) = log o%(x),

so the network directly predicts the log-variance.
With softplus, s(x) is simply an unconstrained score that is transformed into a positive variance.

The network can output any real number; the parameterisation ensures that the resulting
variance is valid.
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Heteroscedastic Gaussian loss
Let

i = f1 [Xz'7 ¢] ) s; =1y [xia ¢] ) 0-22 — exp(si).

Then the Gaussian NLL becomes

1 P

Lo = Z 510g(27r07;2) + i — 1)

2
i=1 20;

(5.15)

Both the mean and the variance now affect the loss for each example.
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Why the variance term matters

The heteroscedastic NLL contains two competing terms:

2
i — M 1

(yi — i) N Logo?
202 2

o« 1 P H/—/

Tl uncertainty penalty

- increasing af makes a given residual less surprising
- but predicting large variance also incurs a log az.2 cost
- the model cannot reduce the loss simply by predicting arbitrarily large variance

Together, these terms learn input-dependent variance without allowing variance to grow
without penalty.
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The trade-off has an interior minimum

The NLL has a finite optimum in o’

one example, residual fixed at y —u=0.5

3_

their sum

uncertainty penalty
residual penalty

loss contribution (nats)
(-

1071 109

predicted variance 0,.2

2

Per-example Gaussian NLL as ¢ varies for a fixed residual.
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The trade-off has an interior minimum (cont.)

The NLL has a finite optimum in o’

one example, residual fixed at y —u=0.5

3_

their sum

/ uncertainty penalty

residual penalty

loss contribution (nats)
-

0.0 0.5 1.0 1.5 2.0 2.5 3.0
predicted variance 0,.2

2

Per-example Gaussian NLL as ¢ varies for a fixed residual.
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- Differentiating the sum and setting it to zero gives 0 = (y; — u;)*

- For a fixed residual, the per-example Gaussian NLL is minimised at 0 = (y; — p;)>
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Homoscedastic vs heteroscedastic regression

Homoscedastic Heteroscedastic
Mean pi =[x, ] pi = fi]x;, @
Variance one shared o o? varies with x;
Network predicts mean only mean and an unconstrained

variance score s

Uncertainty same everywhere input-dependent
Loss Gaussian NLL; reduces to Gaussian NLL with per-
least squares if o2 fixed example variance

Heteroscedastic regression parameterises both a conditional mean and an input-dependent
variance.
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Homoscedastic vs heteroscedastic networks

Homoscedastic The variance is constant
one output unit one 0= 0.23 everywhere
1.5 -
® oz
O :
2
> 0.0 -
° |
—0.5 - l
input  hidden  output —1.0-

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
input x

Network outputs and predictive uncertainty for homoscedastic and heteroscedastic Gaussian regression.
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Homoscedastic vs heteroscedastic networks (cont.)

Heteroscedastic The variance bends too
raw outputs u and s o(x) from 0.10 to 0.37
1.5-
A
()
N "
f_'.‘ 0.5 - /
O i v
S 0.0-
(@)
T v
—0.5 - J
input  hidden  output —1.0-

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
input x

Network outputs and predictive uncertainty for homoscedastic and heteroscedastic Gaussian regression.
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Regression summary

- For scalar regression, a natural observation model is
2
ylx~N(p,o%).

- predicting u = f[x, ¢| with fixed o2 makes Gaussian NLL equivalent to least squares
- learning one shared o2 gives a homoscedastic uncertainty estimate
- predicting o%(x) as well as pu(x) gives heteroscedastic regression

- the heteroscedastic NLL balances residual size against predicted uncertainty

choose a distribution — predict its parameters — NLL gives the loss
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Example 2: binary classification



Apply the recipe: two classes

In binary classification, each input belongs to one of two classes:

y €{0,1}.
Here y is the class label.
Examples:
- restaurant review: negative (y = 0) or positive (y = 1)
- MRI scan: tumour absent (y = 0) or present (y = 1)

Following the recipe, we need a probability distribution defined on the discrete domain {0, 1}.
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Step 1: choose a Bernoulli distribution

The Bernoulli distribution has one parameter
A€ [0,1],

where ) is the probability of class 1:

(5.16)

Therefore

ply=1[X) =X ply=0][A)=1-A
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s One parameter, two outcomes

0.8 -

0.6 -

Pr(z)

0.4 -

0.2 -

0.0 -

z=0

A Bernoulli distribution assigns probabilities 1 — A and A to its two outcomes.
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One Bernoulli equation handles both labels

Because y is either 0 or 1, equation 5.16 can be written compactly as

ply | A) = (1 - 0"\ (5.17)

Observed label What survives? Likelihood
y=0 N =1 1— )\
y=1 (1-— )\)0 = A

The exponents act as switches: the observed label selects the probability assigned to the
class that actually occurred.
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From probability to odds to logits

A Bernoulli probability is constrained to 0 < A < 1. A raw linear output unit can produce any real

value.

Start with odds:

Then take the logarithm:

This z € R is the logit.
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From probability to odds to logits (cont.)

Probability A\ Odds Logit 2
025 1:3 —log3
0.50 1:1 0
0.7 3:1 log 3

The sigmoid is the inverse log-odds transformation: it converts an unconstrained logit back
into a probability.
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Step 2: sigmoid converts the logit to a probability
Let the network produce an unconstrained logit

z = f[x, ¢] € R.
Invert the log-odds transformation with the logistic sigmoid:

o 1
sig(z) = I+ oxp(—a) (5.18)

and define

A= sig(f[x, d)])
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Step 2: sigmoid converts the logit to a probability (cont.)
- 2=0=X=0.5
. 2<0=X<05
- 2>0=A>05
- finite zmapsto0 < A <1
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The binary predictive model

The network output The sigmoid The Bernoulli parameter
any real value 0~0.5 a vertical slice is one Bernoulli distribution
1.0 -
2 - 0.8 -
- — 0.6 -
< N,
x 0- =y
= “0.4-
e 0.2 -
0.0 -
0.0 0.5 1.0 1.5 2.0 -5 0] 5
input x z

Network logit, sigmoid transformation, and resulting Bernoulli probabilities across the input.
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- The solid and dashed curves are one distribution, not two models
- They sum to 1 at every input, which a hidden cell checks

- The sigmoid is fixed; the learned quantity is the logit produced by the network.

Substituting A = sig(f|x, ¢|) into equation 5.17 gives

py | x) = (1 —sig(flx, ¢]))" ¥ sig(f[x, ¢])" (5.19)

The predictive output is a Bernoulli distribution; a class label is obtained later by thresholding.
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Step 3: negative log-likelihood gives binary cross-entropy

Define
A; = sig(f]x;, @]) .
For one observation,
—logp(y; | x;) = —log[(l — Ai)l_“?ﬂ
= —(1 —y;)log(1 — \;) — y; log A;.

Summing over the dataset gives

I
=) [—(1—y;)log(1 — X;) — y; log A (5.20)
1=1

This is the binary cross-entropy (BCE) loss. We will explain the cross-entropy terminology later.
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BCE is the NLL of the observed label

For a single example:

True label Per-example loss

y=1 — log A
y=20 —log(1 — )

b = —10gp(yz' \ Xz’)'
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BCE is the NLL of the observed label (cont.)

For example:

Probability assigned to the true class NLL / BCE contribution

0.90 0.105
0.50 0.693
0.10 2.303
0.01 4.605

Confidently assigning very little probability to the true class is penalised heavily.
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The shape of the BCE loss

Binary cross-entropy for y=0and y=1
loss diverges as the probability of the observed class approaches 0

B
1

w
1

loss (nats)

true label y=0

true label y=1

0.0 0.2 0.4 0.6 0.8 1.0
predicted A=p(y=1|x)

Binary cross-entropy as a function of the predicted probability fory = 0 and y = 1.
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- Getting from 0.9 to 0.99 saves about 0.10 nats
- Going from 0.1 to 0.01 costs about 2.30 nats

- Confident mistakes incur much larger BCE than uncertain predictions.
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Effect of BCE on the logits

For each training example, let
i =ply=1]x%;).
Then maximum likelihood encourages:
Yy, =1= X\ —1
~y;, =0=X,—0
Equivalently, the network learns a real-valued score z; = f[x;, ¢| such that:
- positive examples tend to receive larger logits
- negative examples tend to receive smaller logits
- the sigmoid converts those scores into valid Bernoulli probabilities

This is the probabilistic interpretation of the binary classifier: the logit is the quantity being
learned, and the sigmoid is a fixed readout of it.
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Step 4: inference

After training,

A

A= sig(f[x, qﬁD =p(y=1]|x).

If we need a class label, use the maximum-probability decision:

A_{L A > 0.5,
Y7o, A<o0s.

Because sigmoid is monotonic and sig(0) = 0.5,

A>05 Q@¢}>Q

0.5 is the natural maximum-probability threshold here; a deployed system may choose a
different threshold when the costs of false positives and false negatives differ.
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Binary cross-entropy from logits

Mathematically, we have described the pipeline as

Numerically, explicitly computing A extremely close to 0 or 1 and then taking log A or log(1 — A)
can be unstable.

- training libraries therefore commonly provide a fused BCE-from-logits operation
- it computes the same Bernoulli NLL

- numerically it avoids unnecessary loss of precision

Logits are unconstrained real scores; sigmoid outputs are probabilities.
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Binary classification summary
- Binary classification has labels y € {0, 1}

- Model uncertainty with a Bernoulli distribution

- The network produces a real-valued logit and sigmoid maps it to

A =ply =1 x) = sig(£[x, 8 .

- Bernoulli negative log-likelihood is the binary cross-entropy loss

- inference can return the probability A or convert it to a class label using a decision

threshold

{=—(1—1y)log(l—A) —ylogA

Bernoulli model + sigmoid parameterisation = binary cross-entropy
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Example 3: multiclass classification



Multiclass classification: the setting

The goal is to assign an input example x to one of K > 2 classes:
ye{l,2,...,K}.

Examples:
- handwritten-digit recognition with K = 10

- next-token prediction, where the next token is chosen from a vocabulary of possible outputs

As before, we apply the same loss-construction recipe.
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Step 1: choose a distribution over classes
For labels taking one of K discrete values, use a categorical distribution.

Its parameters are
ALy A2y - v vy ARy
where
Pr(y = k) = A (5.21)

These parameters must satisfy:

- A\ € [0, 1] for every class k
' Zle A =1
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The categorical parameter vector

Collect the class probabilities into one vector:

Interpretation:
- A is the probability assigned to class &
- the full vector A is the predictive distribution over classes

- exactly one class is observed, but the model expresses uncertainty across all K classes
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Step 2: let the network produce K scores

Use a network with K outputs:

Write the components as

z = f[x, ¢| € RE.

| 2K
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Step 2: let the network produce K scores (cont.)

These raw outputs are often called scores or logits.
Raw logits are not probabilities:

- they can be any real numbers

- they need not lie in [0, 1]

- they need not sum to one
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Softmax turns logits into probabilities

To convert logits into a valid categorical distribution, apply the softmax function.

For the kth class,

exp(zx)
= .
Zk’:l eXP(Zk’)

softmaxy|z] = (5.22)

Why this works:
- exponentials ensure every numerator is positive
- dividing by the sum normalises the outputs

- hence every output lies in (0, 1) and all K outputs sum to one
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Softmax: one numerical example
Take three logits

z = (2,1,0).
Exponentiate each score:

e ~ (7.39, 2.72, 1.00), ) €™ ~ 1L.11.
k

Then divide every positive score by the same total:

softmax(z) ~ (0.665, 0.245, 0.090).

- the largest logit receives the largest probability
- the outputs are now positive and sum to 1

- softmax turns relative scores into a probability budget over classes
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Logits

unconstrained real scores

2.0 -
1.5 -
1.0 -

0.5 -

logit z

0.0 -

cat dog 1{0)¢ owl| rat

—0.5 -

—1.0 -

Softmax probabilities

positive and summing to 1

0.57
0.5 -
0.4 -
< 0.3- 028
0.2 -
01 - 0.09
0.04
0.02

00 - [ _ [ [ —

cat dog fox ow| rat

Softmax maps five logits to a categorical probability vector while preserving their ordering.

133/193



The model now predicts class probabilities

If the network produces logits
z = fix, 4|,
then the class probabilities are
A, = softmax(f[x, ¢@]) .
So the likelihood of label y = k is
Pr(y = k | x) = softmax;(f[x, ¢]) . (5.23)

This is the multiclass analogue of the Bernoulli model used for binary classification.
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Softmax probabilities across the input

Three logits Three probabilities
unconstrained, and they cross every slice sums to one
4 - 1.0 -
3-
- 0.8 -
I X 0.6- A3
s . \ ;
<. £0.4-
-2 - 2 e A2
_3- f A1
. A oaoe
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
input x input x

Three logits and their softmax probabilities as the input varies; each probability vector sums to one.

135/193



- Softmax is applied at every input independently
- The curves cross where the decision changes, not where the logits are zero

- The logits reach +4; the probabilities top out near 0.89 — large logits are not the same
as confidence

- Softmax depends on differences between logits: adding the same constant to every logit
leaves the probabilities unchanged.
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Negative log-likelihood for multiclass labels

For a training pair (x;, y; ), the model assigns probability to the observed class ;.

The negative log-likelihood over the dataset is

Lo = — Zlog softmax,, (f[x;, ¢])].

1=

Substituting the softmax definition gives
I

Llp] = — Z (fyi x;, ¢] — log [Z exp (fk/ x;, qb])] ) : (5.24)
k=1

1=1
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Reading equation 5.24

For one training example, equation 5.24 is

+ log [Z exp( fi[xi, ¢]>]
~~ k=1

reward a large true-class logit ~ —
normalise against all competing logits

b = jfyi i, P

J/

7

Read it in three steps:
1. identify the logit belonging to the true class y;
2. compare it against all class logits through the log-sum-exp term

3. reduce the loss by making the true-class logit large relative to its competitors

Multiclass cross-entropy is therefore a competition among logits, not an independent

penalty on each score.
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Multiclass NLL is cross-entropy

categorical model + softmax parameterisation = multiclass NLL / cross-entropy loss.

- high probability on the true class gives low loss
- probability assigned to competing classes enters through the softmax normalisation

- the later cross-entropy section derives this interpretation
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Step 4: inference

After training, the predictive distribution is
Pr(y = k | x) = softmax, (f [x, qASD :
If we want a single class label, choose the most probable class:
= arg;naXPr(y =k | x, qﬁ) :

This is the class with the largest softmax probability at that input.
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Argmax does not require softmax

Every class shares the same positive denominator. For any two classes j and k,

e~ e’k
>

D€ D€

softmax;(z) > softmaxy(z) < = z; > 2z

Therefore

arg max softmaxy(z) = arg max z;,
k k

So for point classification:
- the predicted class can be found directly from the logits

- applying softmax is still useful when we want the full predictive probabilities

This is analogous to the binary fact that thresholding the sigmoid probability at 0.5 is equivalent
to thresholding the logit at 0.
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Predicting other data types

Regression and classification are especially common, but the recipe is more general.

To predict any other kind of output:

1. identify the domain of the target

2. choose a probability distribution defined on that domain
3. let the model predict the parameter(s) of that distribution

4. train with the corresponding negative log-likelihood
General pattern:

target domain — distribution choice —- negative log-likelihood loss.
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Multiclass classification summary

- Multiclass classification predicts one of K > 2 labels

- Use a categorical distribution with parameters A\q,..., Ax

- A network with K outputs produces logits, and softmax maps them to valid probabilities
Pr(y = k | x) = softmax(f[x, ¢]) .

- The negative log-likelihood is the multiclass cross-entropy loss

- For point prediction, choose the most probable class

categorical distribution + softmax = multiclass cross-entropy
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Multiple outputs



From one target to a target vector
Often, one model must make several predictions from the same input.

Instead of a scalar target y, write

y — (y17y27°'°7yD)°

Examples:

- predict a molecule’s melting point and boiling point
- predict an object class at every image location
A full joint distribution can model dependencies between components of y.

A common simplification is to treat the output components as conditionally independent given
the input.
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Factorising the output distribution

Under the output-independence assumption,

D

Pr(y | f[x, ¢]) = | | Pr(va | falx, #]) - (5.25)

d=1

where:
- d indexes an output component
-y, is the target for that component

- f;|x, @] denotes the network output(s) that parameterise the distribution for y,

This is a modelling assumption, not something guaranteed by using a neural network.
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Example: multiple continuous outputs

Suppose every target component is real-valued:
ys € R.
A simple model uses one Gaussian for each output:
yq | x ~ N(ug,03), pa = £4]x, @] .

- the network predicts one mean for each quantity
- the variances may be fixed, learned globally, or predicted from the input

- with fixed equal variances, the resulting NLL reduces to a sum of squared errors across
outputs
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Example: multiple discrete outputs

Suppose each output component is a K-class label:
Ya € {1,2,...,K}.

Use one categorical distribution for each y;.

For output component d, the network must produce K logits:
£,1x, 0] = (241, 249, - - - » 2aK) -

Softmax converts those logits into the categorical probabilities for that component.

So a multi-output classifier may contain one group of logits per predicted label.
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Negative log-likelihood becomes a double sum

For training example i, write y;4 for output component d.

I D
- ZZlogPr Yia | falxi, @]) . (5.26)

1=1 d=1

Read the two sums from the inside out:
1. —log p(-) is the surprise for one output of one example

2. Zd adds the surprises across that example’s output components

3. ) . then adds them across training examples

total loss = sum over examples of the sum over outputs

The additive form comes directly from the conditional-independence factorisation.
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Why the output losses add

The same product-to-sum rule appears again.

For one training example:

yd\x

n{j@

y|x=

Taking negative logs gives

D
—log Pr(y | x) Zlog Pr(y; | x).
d=1

So independent output distributions imply additive per-output NLL terms.
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The outputs can have different types

The components of y do not need to share the same domain or distribution.

Example: predict both wind direction and wind strength.

Output Domain Possible distribution

direction (—m, 7| von Mises

strength R exponential

Under conditional independence,

Pr(direction, strength | x) = Pr(direction | x) Pr(strength | x) .

Their negative log-likelihood terms then add in the training loss.
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Choosing distributions: continuous targets

The maximume-likelihood recipe extends well beyond Gaussian regression.

Target/domain Distribution Typical use

ye R normal ordinary univariate regression
y e R Laplace or t robust regression

yeR mixture of Gaussians  multimodal regression

ye R,y

exponential or gamma positive magnitudes
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Choosing distributions: continuous targets (cont.)

Target/domain Distribution Typical use

y € [0, 1] beta proportions

y € R® multivariate normal correlated multivariate
regression

y € (—m, 7] von Mises circular direction

The target domain constrains the candidate distributions; modelling assumptions decide
which one to use.
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Choosing distributions: discrete and structured targets

Target/domain Distribution Typical use

y € {0,1} Bernoulli binary classification
yed{l,...,K} categorical multiclass classification
ye {0,1,2,...} Poisson event counts

y € Perm(1,...,K) Plackett-Luce rankings / permutations

The general recipe remains unchanged:

domain — distribution —- parameterisation —- NLL.
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Limits of independence
The factorisation in equation 5.25 is convenient, but it discards dependencies between outputs.
For example:

- melting point and boiling point may be correlated

- neighbouring image labels are often correlated

- several measurements may rise or fall together

If these dependencies matter, a product of independent univariate distributions may be
inadequate.

Then we may need a joint multivariate or structured distribution that models relationships
between outputs explicitly.

Independence is therefore a simplification of the statistical model, not a statement that the
real outputs are unrelated.
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If outputs are correlated: model them jointly

For several continuous outputs, one alternative is a multivariate normal:

y | x~N(p(x),E(x)).
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Diagonal covariance Full covariance

outputs vary independently outputs rise and fall together

3 - 3 -
2 - 2 -
1- 1-
R - R
il - —1 -
-2 - -2 -
—3 - =

-3 = -1 0 1 P 3 -3 =2 =/ 0] 1 2 3

Y1 Y1

Two bivariate Gaussian models: diagonal covariance gives an axis-aligned ellipse; non-zero covariance tilts it.
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- diagonal X: no covariance terms; Gaussian components factorise
- full XJ: off-diagonal terms represent outputs varying together

- the ellipse’s tilt is the visual signature of covariance

independent per-output distributions vs one joint distribution

Use the simpler factorisation when adequate; use a joint model when dependencies are part
of what must be predicted.
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Multiple outputs summary

- A model can predict a vector of outputs

y:(y17'°'7yD)-

- A common simplification is to treat output components as conditionally independent

D

Pr(y | x) = [] Priva | x).

d=1

- Negative log-likelihood converts the product into an additive loss

Llg] ==Y > logPr(yy | falx;, #])
t d

- Different outputs may use different distributions

- When output dependencies matter, model a joint distribution rather than assuming
independence
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Cross-entropy loss




Why another view of the loss?

We already have a training objective:

Llg) = — > logp(y: | flxi, ¢]).
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Why another view of the loss? (cont.)

The same fitting problem can be viewed in several ways:

View Question

Negative log-likelihood How well did the model score the
observations we actually saw?

Cross-entropy How well would the model score outcomes
generated by the data distribution?

KL divergence How much extra log-loss comes from the

model distribution not matching the data
distribution?

These are not three competing losses in this setting. They are closely related views of the
same fitting problem.
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Start with something familiar: surprise

For a discrete observed outcome y, we already used

surprise(y) = — log p(y) |-

Probability assigned to the outcome Surprise — logp

0.9 0.105
0.5 0.693
0.1 2.303
0.01 4.605

- likely outcomes are unsurprising
- unlikely outcomes are surprising

- this is the same quantity that appears in each NLL term
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Entropy: average surprise under one distribution

Suppose outcomes are generated by a distribution gq.

Before observing the next outcome, some distributions are much more predictable than others.

- if one outcome has almost all the probability, there is little uncertainty
- if probability is spread across many outcomes, there is more uncertainty

Entropy is the average surprise when outcomes are drawn from g and scored using q itself:

H(q) = Ey.4[—logq(Y)]

Entropy is a property of the distribution, not of one particular observed value.
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Low entropy and high entropy

Lower entropy Higher entropy

H = 0.59 nats H=1.39 nats
1.0 - .

0.8 -

-
()]
1

=
i
1

probability

=
N
1

B C D B C D

outcome outcome

0.0 -

Two distributions over four outcomes. Concentrated probability gives lower entropy; more evenly spread probability gives higher entropy.
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- low entropy: most probability is concentrated on a small number of outcomes
- high entropy: more outcomes remain plausible before we observe the result

- with natural logarithms, entropy is measured in nats; base-2 logarithms give bits

In security, people often speak loosely of a high-entropy key or password. More precisely, the
entropy belongs to the source or distribution it was drawn from: many plausible outputs mean
greater uncertainty before the value is known.
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From entropy to cross-entropy

Now distinguish two distributions:
- q(y) — the distribution that generates the data
- p(y) — the distribution predicted by our model

For the moment we suppress the input x to keep the notation simple. In supervised learning,
these become conditional distributions such as ¢(y | ) and p(y | ).

There are now two ways to score outcomes drawn from gq:
H(q) = Ey.4[—logq(Y)]  score qusing g,
H(q,p) = Ey.,[—logp(Y)] score q using p.

Entropy: how uncertain the data are intrinsically.
Cross-entropy: how surprised model p is, on average, by data drawn from q.
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Worked example: cross-entropy

Suppose the data distribution is g, while the model predicts p:

Outcome y q(y) p(y) Model surprise Weighted
— log p(y) surprise

q(y)[—log p(y)]

1 0.50 0.60 0.911 0.255

2 0.30 0.30 1.204 0.361

3 0.20 0.10 2.303 0.461

Add the weighted surprises:

H(g,p) ~ 0.255 + 0.361 + 0.461 = 1.077 nats.
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Worked example: what cross-entropy is averaging

- q(y) says how often each outcome contributes to the average

- —log p(y) says how surprising the model finds that outcome

- a common outcome given very little model probability contributes strongly to the cross-

entropy

cross-entropy = average model surprise on data from q
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Entropy, cross-entropy, and KL divergence

Cross-entropy contains two conceptually different sources of log-loss:

H(q,p) = H(q) + Dxwi(q| p)
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H(qg,p) =1.08 nats

KL Dk, = 0.05
0.0 0.2 0.4 0.6 0.8 1.0

cross-entropy (nats)

Cross-entropy decomposed into entropy plus KL divergence for the worked example.
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What the decomposition means

H(q) — intrinsic uncertainty

Even a perfect model cannot make the underlying data-generating process more predictable
than it is.

Dx1,(q||p) — model mismatch

This is the extra expected log-loss caused by using p instead of gq.

Dx1,(q || p) = cross-entropy — entropy

KL divergence is the part of the cross-entropy attributable to model mismatch.
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Why minimising cross-entropy minimises KL divergence

When fitting the model, q is fixed. Changing the model changes p, not the data-generating
distribution.

Therefore H(q) is constant with respect to the model parameters:

H(q,p) = H(q) + Dxi(q|/p)-
N\ 7 . ~~ _J/
fixed changes with p

Hence

arg min H (g, p) = arg min Dk, (¢|| p)
p p

We cannot reduce the intrinsic uncertainty in g; fitting can only reduce the mismatch
between p and q.
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KL divergence: formal definition

For discrete outcomes,

Read one term from right to left:

1. q(y)/p(y) compares the probability assigned by the two distributions

2. the logarithm turns that ratio into a log-score difference

3. multiplying by ¢(y) gives more weight to outcomes that occur more often under ¢

Dxw(qlp) = q(y)log

Y

q(y)

p(y)

4. summing averages that mismatch across possible outcomes

p instead of g¢.

The formula formalises the idea we already have: average extra log-loss caused by using
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KL divergence for continuous outcomes

For continuous outcomes, probability masses become densities and the sum becomes an
integral:

Dxki,(q]|p) = / q(y) log . dy. (5.27)

- the same weighting idea applies: mismatches matter most where g places density
* Dxr(qllp) >0

- KL divergence is generally not symmetric

For continuous variables, the corresponding entropy is differential entropy. We use the
same cross-entropy/NLL connection here, but differential entropy does not share every
property of discrete Shannon entropy.
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KL divergence is directional

Two distributions
p is shifted and wider than g

0.40 - q
0.35 -
0.30 -
WiE

0.20 - 2

density

KL integrand

0.15 -
0.10 -

0.05 -

0.00 -

25 50 75
y

-5.0 =25 0.0

—0.1-

Different argument order, different weighting
0.7 -
Di(plg)=2.39

0.6 -

0.5+ Dk.(q | p) =0.66

0.4 -

0.3 -

0.2 -

0.1-

0.0 -

-5.0 =25 0.0

KL divergence for the same two distributions in both argument orders.
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- Dx1,(q||p) weights mismatches according to where g places density
- reversing the arguments changes which distribution supplies those weights

- therefore Dk, (q||p) and Dk, (p||q) generally differ
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From the population to the training set

The true data distribution g is unknown. We only observe training examples drawn from it.

Population cross-entropy is an expectation:

H(q,p) = Ey.,[—logp(Y)].

Estimate that expectation with the sample average:

1 I
_Z ng yz
1=1

expected model surprise —> average surprise on observed data

l\,
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Empirical samples and model scores

Observed samples Evaluate the model at each observation
12 training observations one —log pgl(y;) term per sample
0.25 -
$0.20 -
Q
Fy
£0.15 -
C
0]
©
o 0.10 -
©
o
| | LT 11 | | :
0.05 -
0.00 -
—4 -3 = =1 0 1 P 3 4 —4 -3 = = 0 1 2 3 4
y y

Observed samples and the model density evaluated at those samples.
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- evaluate the model mass or density at every observed y;
- convert each score to — log p(yz)

- average those terms over the sample

That sample average is empirical cross-entropy; it is also the mean negative log-
likelihood.
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Cross-entropy and NLL are the same objective here

Return now to supervised learning, where the predictive distribution depends on the input. In
population form, the corresponding cross-entropy averages — log p(Y | X) over input-target
pairs (X, Y) drawn from the data distribution.

For the training set, the network supplies the distribution parameters for each observed input:
975 — f[xia ¢] .

The empirical cross-entropy is therefore

T
_% Zlogp(yz' | flx;, @]) .
=i

Apart from the positive scale factor 1/1, this is exactly the NLL used throughout the lecture:

minimum empirical cross-entropy <= minimum NLL <= maximum likelihood
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Same arithmetic, different viewpoint

Viewpoint

What is held conceptually
in focus?

Quantity

Maximum likelihood / NLL

the observed training
examples

log-loss on the observed
targets

Cross-entropy

the data distribution and
model distribution

expected model log-loss
under the data distribution

KL divergence

mismatch between the two
distributions

cross-entropy minus the
entropy of the data
distribution

In this supervised maximum-likelihood setting, cross-entropy does not introduce a second
loss to optimise. It explains the same objective as distribution matching.
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Why the classification losses are called cross-entropy

Binary classification
L= —ylog\ — (1 —y)log(l — )

is both Bernoulli negative log-likelihood and binary cross-entropy.

Multiclass classification
= —log ),

is both categorical negative log-likelihood and multiclass cross-entropy.

The formula is the same; NLL and cross-entropy describe two ways of interpreting it.
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Retrieval practice

1.

©® N O 0o A w N

What changes when we reinterpret f|x, ¢] as distribution parameters rather than a direct
prediction?

. Which assumption lets a dataset likelihood become a product of per-example likelihoods?

. Why does a Gaussian model with fixed variance produce least-squares loss?

. What is the difference between homoscedastic and heteroscedastic observation uncertainty?
. Why do binary and multiclass classifiers need sigmoid and softmax parameterisations?

. Why does independent multi-output modelling produce a sum of per-output losses?

In words, what is the difference between entropy, cross-entropy, and KL divergence?

. Why are maximum likelihood, minimum NLL, and minimum empirical cross-entropy the same

training objective here, and why does minimising population cross-entropy also minimise
Dx1.(q|[p)?
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Summary
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From model architecture to loss function

We started with families of functions
fix, @] .

The loss function answers:
How do we decide which parameter setting is best?

Interpret the network as predicting parameters of a probability distribution:

0=fx,], y~plylo).
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Loss-function recipe

For a new prediction problem:

1. identify the target domain

2. choose a suitable probability distribution on that domain
3. let the network predict its parameter(s)

4. evaluate the observed targets under that distribution

5. minimise negative log-likelihood

Llg) = - > logp(y: | fxi, ¢))

The distributional assumptions determine the concrete form of the loss.
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What the common losses mean

Prediction problem  Distribution Parameterisation Resulting loss
real-valued normal predicted mean least squares
regression

binary classification Bernoulli sigmoid probability binary cross-entropy

multiclass
classification

categorical

softmax probabilities

multiclass cross-
entropy

multiple outputs

product of chosen
distributions

one parameter set
per output

sum of per-output
NLLs
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What the common losses mean (cont.)

Extensions include:
- learning predictive variance
- heteroscedastic uncertainty
- mixed output types

- joint distributions when independence is inappropriate
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Fitting: likelihood and cross-entropy

Likelihood view

choose parameters that make the observed data likely

Cross-entropy view

minimise average model log-loss on the empirical data distribution

Both give the same optimisation criterion:

maximum likelihood <= minimum NLL <= minimum empirical cross-entropy
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Next: optimisation
A learning problem now has two pieces:

- a model f[x, @]

- a loss L|¢] that scores its parameters

The remaining question is computational:

How do we find ¢ = arg min £[¢]?
@

That is the subject of the next chapter: model training and optimisation.
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Questions?

Eoin O'Brien - eoin@eoin.ai
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